The ground states of quantum spin 1/2 XY ferromagnetic triangular and square systems are investigated with the Green's function Monte Carlo (GFMC) method. Simulations are performed on L L two-dimensional lattices with L up to 19. The long range orders as well as ground state energies are obtained for both lattices and are extrapolated to in nite system size. The long range order (LRO) is computed directly using kernels from the system Hamiltonian and a`perturbed' Hamiltonian involving the LRO operator. It is seen that LRO exists in the in nite triangular lattice, contrary to conclusions drawn from previous exact diagonalization studies. The second-order spin-wave theory again appears to yield very good results on these systems.
Considerable e ort has been devoted to the study of the ground states (T = 0) of two-dimensional quantum spin systems. Among them the spin 1=2 ferromagnetic XY model on a triangular lattice seems to pose no special di culty technical-wise for theoretical study; however, some questions still remain about certain ground state properties of this system.
Based on a nite-lattice method, in 1980 Marland and Betts 1] carried out numerical studies on this system. In 1986, Fujiki and Betts 2] (FB) extended this work of diagonalizing nite size systems to 21 spin sites. They obtained the ground state energy and conjectured that the system does not have long range order (LRO). Their work was further extended to 27 sites by Nishimori and Nakanishi 3] (NN) in 1987 and again it was concluded that the correlation function decays by a power law, i.e., the LRO vanishes for the in nite system. On the other hand, the variational method predicts the existence of LRO 4] and so does the spin wave theory (SWT). It may be argued that these latter approximate approaches both have a classical picture behind them. But the former numerical calculations, although taking full advantage of the computing capacity available, were limited to fairly small lattice sizes. Also, all calculations agreed reasonably well on the ground state energy. Furthermore, the SWT has proved to be very powerful in studying quantum spin systems and can yield rather accurate results with the second order in the expansion taken into account. Kennedy et al. 5] have proved that the square lattice XY model has LRO. Since frustration does not exist in these ferromagnetic systems, it seems very unlikely that the triangular lattice is not also long range ordered. A vanishing LRO for the in nite system would imply the breakdown of the SWT as well as the existence of some new mechanism to be understood about such systems. Therefore, resolution of the issue of LRO will not only elucidate the con icting situation in this system, but will also provide insight into the validity of the SWT as applied to a class of systems.
In this paper, we use the Green's function Monte Carlo (GFMC) 
For each N, hH LRO i can be easily determined with E and a few E 0 's corresponding to di erent a's.
We study equilateral parallelograms with the two sides parallel with a pair of the shortest primitive vectors of the Bravais lattice and we impose periodic boundary conditions. The GFMC is used to calculate the energies E and E 0 . To describe the formalism 8] here, we use the symbol h 0 to represent the Hamiltonian whose ground state energy is desired, i.e., either H or H 0 . We then de ne a kernel K(S; S 0 ) = hSjc ? h 0 jS 0 i, where the constant c is chosen such that the entire energy spectrum of h 0 is shifted to the positive regime. This is possible because the spectra for quantum spin systems are bounded above. In fact, in our case any non-negative c will serve the purpose since the spectra of H and H 0 are both negative. We have the following modi ed Schroedinger equation:
where is an eigenfunction of h 0 (and K) and the integral is actually a sum over all possible spin con gurations. In the random walk process, the wavefunction at any time will be represented by a collection of con gurations, i.e, random walkers. The matrix elements of the kernel K(S; S 0 ) in (6), which will be associated with transition probabilities for random walkers, are never negative. Based on an iterative random walk process of applying K successively to any initial distribution of walkers, the GFMC will eventually project out the state corresponding to the leading eigenvalue of K, i.e., the ground state of h 0 . The corresponding ground state energy can then be readily evaluated. In the random walk, a walker is taken from one position S 0 to a new position S in the con guration space by selectively ipping one pair of up-down spins according to the kernel K(S; S 0 ). To improve the e ciency of the random walk, We introduce importance sampling here and rewrite (6) in a mathematically equivalent form:
whereK(S; S 0 ) = G (S)K(S; S 0 ) 1 G (S 0 ) and~ (S) = G (S) (S). As a good approximation 4] to , the guiding wavefunction G is chosen here to be
where b is an adjustable parameter. For the ground state energy of H, from (1), the only possible non zero matrix elements of K as described above are the diagonal ones and the ones relating two con gurations which di er by one and only one pair of nearest neighbor spins. Therefore, the kernelK can be sampled exactly. With a collection of M walkers S k (k = 1; :::; M) in each MC generation representing~ , the ground state energy of H can be calculated from
We keep a constant number of walkers 10] in our simulation and the bias due to this is corrected by assigning an overall weight factor to each generation 11] . For the LRO, the Hamiltonian h 0 in K becomes H 0 and there exist nite transition probabilities between any two con gurations related by one up-down spin pair ip. It is therefore more di cult to sampleK directly. Instead we sample the \bare" kernel K (from c?H 0 ) and include the factor G (S)= G (S 0 ) in (7) as an additional weight. Again a constant number of walkers are maintained. The MC bias in the calculated LRO resulting from this is much smaller than the statistical uctuations. The reason is twofold: i) We are only interested in the di erences between the ground state energy of H 0 with a 6 = 0 and E. Therefore if we calculate E with the same \biased" method, the bias will come to a ect the LRO in second order. ii) The statistical errors in these simulations are larger due to our imperfect importance sampling. This was con rmed by the calculations. The ground state energy of H 0 can be calculated from
where the trial wavefunction used was T (S) = 1 and W S k is the weight of walker S k due to indirect sampling. Note that the function T (S) = 1 corresponds to a state of full polarization along the z-axis that has been \rotated" to lie in the XY plane by N=2 applications of the total spin lowering operator. 4] We now describe our results on the ground state energy and LRO for nite systems on the triangular lattice. In the LRO calculations, we t E?E 0 a to a polynomial in a to determine hH LRO i. In Table 1 we present our GFMC data on small (N = 9; 16, and 25 sites) systems together with NN's exact diagonalization 3] data for comparison. We see that the agreement is excellent, verifying the validity of the current algorithm.
To obtain the ground state energy in the in nite N limit, instead of tting data in 1=N as FB and NN have done, we do the t in 1=L 3 and higher orders of 1=L, where L = p N is the size of the system. The motivation for this comes from the SWT, which indicates that the leading order correction to the energy due to nite size should be 1=L 3 . On the same basis, we t the LRO data to a polynomial function in 1=L. Note that this form is in fact more general than the polynomial tting functions employed by FB and NN.
In Fig. 1 the data on the ground state energy per bond vs. 1=L
3 is plotted together with the polynomial t. The extrapolated value for in nite lattice size is E=3NJ = ?0:5355 0:0001. We see that NN's result of ?0:5332 0:002 is slightly higher than ours with the statistical errors taken into account. This is more due to the di erence in the tting functions adopted than the extra data points we have obtained, since even with their two data points 3 3 and 5 5, a t in A + B=L 3 would yield a value quite close to our extrapolated energy. In Fig. 2 we show the LRO data. As we can see, it is almost linear in 1=L with a slight upward bending 12] . A quadratic t leads to a LRO of f LRO = 0:829 0:011 in the limit L ! 1. The power law t of NN's is also plotted and the deviation of the system LRO from that form at large system size is evident. We therefore conjecture that the system is long range ordered. For the small systems studied in the exact diagonalization method, it is likely that the e ects due to various lattice geometries and odd or even numbers in N come in to a ect the answers (the latter as observed by both groups in extrapolating the ground state energy curves and yet neglected in the LRO ts). In fact, it was pointed out by Runge 13] recently that the e ect of di erent geometries tends to decrease the extrapolated correlation function values in exact diagonalization calculations of the Heisenberg antiferromagnet. Under the strong in uence of nite size e ects, a small variance with a certain t may have no signi cance. Since the lattice sizes studied here are by far the largest ever treated for this problem and the errors in the results are rather small, f LRO itself should be a fairly close estimate to the true LRO value. We also mention that this way of evaluating LRO with the GFMC from perturbation theory should be easily generalizable. This may help to remove certain limitations of the GFMC as applied to quantum spin system.
Calculations were also performed on the square lattice, more to provide further tests of our methods than new work, since the situation here is much better characterized both numerically 9] and theoretically. In Table II we present our results from the second-order SWT together with the above GFMC data. We notice that the SWT not only gives correct prediction on the physical nature, but also yields very good quantitative answers. Therefore, as a very powerful method in studying quantum spin systems, it remains valid. It is also interesting to note that the SWT appears to work better for the square case than for the triangular, even though in a sense the triangular lattice experiences a larger \mean eld" e ect due to more nearest neighbors. We also applied the modi ed spin wave theory 14] ; 15] (MSWT), but a good deal less improvement was gained than in the previous case of Heisenberg Antiferromagnet. It is yet unclear what the subtleties are that result in this relative failure, but they may have to do with the anisotropy of the XY magnet 16] .
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